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Jieheng Zeng
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Throughout the paper, k is a field of characteristic is zero. All algebras are unital k-algebras.
All modules are left modules unless otherwise stated. All complexes are cochain complexes.
1 Introduction
In [6], J. Rickard defined derived equivalence of two k-algebras and built the derived Morita
theory. Later in [7], he showed that for two derived equivalent finite dimensional k-algebras, if
one is symmetric algebra, then so is the other.
Symmetric algebras are closely related to Calabi-Yau algebras, a notion introduced by
Ginzburg in [2]. In fact, Van den Bergh showed in [8] that if a Calabi-Yau algebra is Koszul,
then its Koszul dual algebra is symmetric. It is then natural to ask whether or not for two
derived Morita equivalent algebras, if one is Calabi-Yau, so is the other. In the note, we show
this is true.
Theorem 1.1. Suppose A and B are two k-algebras. If A is derived equivalent to B, and is a
d-Calabi-Yau algebra, where d ∈ N, then B is also a d-Calabi-Yau algebra.
In the following, we first recall the derived category of an abelian category and derived
functors. Next, we remind the derived Morita theory and tilting theory of J. Rickard ([6, 7]).
In the last section, we prove Theorem 1.1.
2 Derived categories
Let us collect some notions on derived categories (c.f. [1, 9]).
Definition 2.1. Let A be an abelian category. Suppose X•, Y • are objects of Kom(A), the
cochain complex category of A and f, g ∈ HomKom(A)(X
•, Y •); we say f and g are homotopy
equivalent if there is a morphism s ∈ HomKom(A)(X
•, Y •[−1]) such that δ ◦ s + s ◦ d = f − g,
where d is the differential of X• and δ is the differential of Y •. We denote by K[i]• the complex
with components K[i]j = Ki+j and differential (−1)idK• .
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Definition 2.2 (Homotopy category). Let A be an abelian category. The homotopy category
K(A) is defined as follows: the objects of K(A) are the objects of Kom(A), and the morphisms
of K(A)) are the morphisms of Kom(A) modulo homotopy equivalences.
Definition 2.3 (Derived category). Let A be an abelian category and Kom(A) be the category
of complexes over A. Then there exists a category D(A), called the derived category of A, and
a functor Q : Kom(A)→ D(A) such that
1. Q(f) is an isomorphism for any quasi-isomorphism;
2. Any functor F : Kom(A) −→ D that sends quasi-isomorphisms to isomorphisms can be
uniquely factorized through D(A), i.e, there exists a unique functor G : D(A) −→ D such
that the following diagram commutes:
Kom(A)
Q

F // D
D(A)
∃!G
77
Equivalently, the derived categoryD(A) ofA can be defined as the category whose objects are
objects of K(A), and whose morphisms are morphisms of K(A) modulo by quasi-isomorphisms,
i.e. morphisms of complexes inducing isomorphisms on homology.
Notation 2.4. Let A be an abelian category. Let Kom+(A) (resp. Kom−(A)) be the subcat-
egory of Kom(A) such that for any M in Kom+(A) (resp. Kom−(A)), M i = 0 for i≪ 0 (resp.
i≫ 0), and let Komb(A) = Kom+(A)
⋂
Kom−(A).
Similarly we may define the subcategories K+(A), K−(A), Kb(A) and D+(A), D−(A), Db(A)
in K(A) and D(A) respectively.
Example 2.5. For any k-algebra A, there is a derived category D(A) whose objects are com-
plexes of A-modules and whose morphisms are obtained from morphisms in the homotopy cat-
egory of the complexes of A-modules by formally inverting all quasi-isomorphisms.
Proposition 2.6 ([9], Theorem 10.4.8). Let A be a k-algebra. Suppose A is the category of
A-modules, then we have that D−(A) is equivalent to K−(Proj −A), where K(Proj −A) is the
homotopy category of the category of all projective A-modules.
Definition 2.7. Let A be an abelian category together with an automorphism Σ : A −→ A
(called the translation functor). A sextuple (A,B,C, u, v, w) is called a triangle ofA ifA,B,C are
objects of A, and u, v, w are morphisms as follows: u : A −→ B, v : B −→ C, w : C −→ Σ−1(A).
A triangle is usually written as
C
w
⑦⑦
⑦⑦
⑦⑦
⑦⑦
A
u
// B.
v
``❆❆❆❆❆❆❆❆
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A morphism of triangles (A,B,C, u, v, w) −→ (A
′
, B
′
, C
′
, u
′
, v
′
, w
′
) is a commutative diagram
A
f

u // B
g

v // C
h

w // Σ−1A
Σ−1(f)

A
′
u
′
// B
′
v
′
// C
′
w
′
// Σ−1A
′
.
Definition 2.8. An abelian category A is called a triangulated category if it is equipped with a
translation functor and with a distinguished family of triangles (u, v, w), called the distinguished
triangles in A, subject to the following four axioms:
(TR1) Every morphism f : A −→ B in A can be embedded in a distinguished triangle
(u, v, w). If A = B and C = 0, then the triangle (idA, 0, 0) is a distinguished triangle. If (u, v, w)
is a triangle on (A,B,C), isomorphic to a distinguished triangle (u
′
, v
′
, w
′
) on (A
′
, B
′
, C
′
), then
(u, v, w) is also a distinguished triangle.
(TR2) If (u, v, w) is a distinguished triangle on (A,B,C), then (v,w,−Σ−1(u)) and (−Σ(w), u, v)
are distinguished triangles on (B,C,Σ−1(A)) and (Σ(C), A,B) respectively.
(TR3) Given two distinguished triangles
C
w
⑦⑦
⑦⑦
⑦⑦
⑦⑦
A
u
// B
v
``❅❅❅❅❅❅❅❅
and C
′
w
′
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
A
′
u
′
// B
′
v
′
``❅❅❅❅❅❅❅❅
with morphism f : A −→ A
′
, g : B −→ B
′
such that g ◦ u = u
′
◦ f , there exists a morphism
h : C −→ C
′
so that (f, g, h) is a morphism of triangles
A
f

u // B
g

v // C
h

w // Σ−1A
Σ−1(f)

A
′
u
′
// B
′
v
′
// C
′
w
′
// Σ−1A
′
.
(TR4) Given distinguished triangles
(A,B,C
′
, u, j, ϕ1)
(B,C,A
′
, v, φ1, i)
(A,C,B
′
, vu, φ2, ϕ2)
as in the following octohedron
B
′
g
''
ϕ2
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
C
′
f
77
ϕ1

A
′
i
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
Σ−1(j)ioo
A
uv
//
u
''PP
PP
PP
PP
PP
PP
PP
P C
φ1
OOφ2
__❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄❄
B
j
__❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅❅ v
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥
3
there exist morphisms f : C
′
−→ B
′
and g : B
′
−→ A
′
such that
(C
′
, B
′
, A
′
, f, g,Σ−1(j)i)
is a distinguished triangle, and the two other faces of the octohedron with f, g as edges are
commutative diagrams.
Proposition 2.9 ([3], Propositions 3.2 and 4.2). Let A be an abelian category. Then K(A) and
D(A) are both triangulated categories.
Let A be an abelian category. For any M,N ∈ D(A), if f ∈ HomK(A)(M,N) is a quasi-
isomorphism, we denote its inverse by f−1 ∈ HomD(A)(N,M).
Proposition 2.10 ([1], §3.4.4-3.4.5). Let A be an abelian category. For any M,N ∈ D(A)
and g ∈ HomD(A)(M,N), there is an f ∈ HomK(A)(M,N) and a quasi-isomorphism s ∈
HomK(A)(M,M) such that g = f ◦ s
−1 in D(A).
Definition 2.11. Let A be an abelian category. The localizing functor QA : K(A) −→ D(A) is
defined as follows: For any M ∈ K(A), QA(M) = M in D(A), and for any M,N ∈ K(A), the
map of morphisms QA(M,N) : HomK(A)(M,N) −→ HomD(A)(QA(M), QA(N)), is given by
QA(M,N)(h) = h ◦ (idM )
−1,
for any h ∈ HomK(A)(M,N).
Definition 2.12. Let A and B be two abelian categories. Suppose F : K(A) −→ K(B) is
a morphism of triangulated categories. A right derived functor of F on K(A) is morphism
RF : D(A) −→ D(B) of triangulated categories, together with a natural transformation ξ from
QB ◦ F : K(A) −→ K(B) −→ D(B)
to
RF ◦QA : K(A) −→ D(A) −→ D(B)
which is universal in the sense that if G : D(A) −→ D(B) is another morphism equipped with a
natural transformation
ζ : QB ◦ F =⇒ G ◦QA,
then there exists a natural transformation
η : RF =⇒ G
so that ζM = ηQA(M) ◦ ξM in D(A).
If K
′
⊂ K(A) is a full triangulated subcategory, then there is a natural transformation
from the right derived functor R
′
F on D
′
(A) to the restriction of RF on D(A). We will write
RbF,R+F , and so on for the derived functors of F on Kb(A),K+(A).
Similary, a left derived left functor of F is a morphism LF : D(A) −→ D(B) of triangulated
categories, together with a natural transformation
ξ : LF ◦QA =⇒ QB ◦ F
satisfying the dual universal property.
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Proposition 2.13 ([3], Theorem 5.1). Let A and B be two abelian categories. Suppose there
exists a homotopy functor F : K−(A) −→ K−(B) and a triangulated subcategory L ⊆ K−(A)
such that
1. For any object M ∈ K−(A), there exists a object L ∈ L and a quasi-isomorphism
iM : L −→M ;
2. If I• ∈ L is acyclic, then F (I•) is also acyclic.
Then F has a left derived functor D(F ) : D−(A) −→ D−(B). Furthermore, for any M• ∈
K−(A),
D(F ) ◦QA(M
•) = QB ◦ F (J
•),
where J• is in L such that J• is quasi-isomorphic to M•, QA : K(A) −→ D(A) is the localizing
functor associated to K(A), and QB : K(B) −→ D(B) is the localizing functor associated to
K(B).
Definition 2.14. Let A be a k-algebra. We denote by 1A ∈ A the unit in A and by mA :
A⊗k A −→ A the product.
The opposite algebra Aop of A is defined as the same vector space as A endowed with the
multiplication mAop(a⊗k b) = mA(b⊗k a), for any a, b ∈ A
op, and the unit 1Aop = 1A ∈ A
op.
Let A and B be two k-algebras. There is an algebra structure on the vector space A ⊗k B
such that its multiplication is given by
mA⊗kB((a1 ⊗ b1)⊗k (a2 ⊗ b2)) = mA(a1 ⊗k a2)⊗k mB(b1 ⊗k b2),
for any a1, a2 ∈ A and b1, b2 ∈ B, and its unit is 1A ⊗k 1B ∈ A⊗k B, where 1A is the unit of A,
1B is the unit of B.
We denote the k-algebra A⊗k A
op by Ae.
Let A, B and C be k-algebras. Since the abelian category B ⊗k A
op-Mod have enough
projective objects, its derived category, denoted by D(B⊗kA
op), has a full subcategory D−(B⊗k
Aop) such that D−(B ⊗k A
op) = K−(Proj − (B ⊗k A
op)) from Proposition 2.6.
Suppose N is a complex of B ⊗k A
op-modules in K−(B ⊗k A
op) and M is a complex of
A⊗k C
op-modules in K−(A⊗k C
op). Then the functor N⊗LA? : K
−(A) −→ K−(B) in homotopy
categories takes any acyclic object in K−(A) to an acyclic object in K−(B).
Thus, we know that the functor N⊗LA? : K
−(A) −→ K−(B) can be lifted to be a derived
functor on the associated derived categories.
Analogously, HomK−(A−Mod)(?,M) : K
−(A) −→ K−(C) can also be lifted to be a derived
functor on the associated derived categories. Using this method, we can lift more derived functors
from homotopy categories ([3, Charter 1]).
3 Derived Morita theory
In this section, we collect some facts on derived Morita theory, initiated by Rickard in [6, 7].
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Definition 3.1. Let A andB be two unital k-algebras. They are called derived Morita equivalent
(or derived equivalent for short) if the derived category D(A) of A-modules is equivalent to the
derived category D(B) of B-modules.
Proposition 3.2 ([4] Theorem on P179). Let A and B be two unital k-algebras. They are derived
equivalent with F : D(A) −→ D(B) if and only if there is a complex Q of A ⊗k B
op-modules,
a complex P of B ⊗k A
op-modules which is isomorphic to HomD(A)(Q,A) in D(B ⊗k A
op), an
isomorphism in D(Ae)
u : Q
L⊗
B
P ∼= A
and an isomorphism in D(Be)
v : P
L⊗
A
Q ∼= B.
Proposition 3.3 ([6] Propositions 6.1-6.3). Let A and B be two unital k-algebras. If they are
derived equivalent, then we have the following results:
(1) Any equivalence of triangulated categories between D(Ae) and D(Be) can restrict to an
equivalence between D−(Ae) and D−(Be);
(2) Any equivalence of triangulated categories between D−(Ae) and D−(Be) can restrict to an
equivalence between Db(Ae) and Db(Be);
(3) Any equivalence of triangulated categories between Db(Ae) and Db(Be) can restrict to an
equivalence between Kb(Proj −A) and Kb(Proj −B);
(4) Any equivalence of triangulated categories between Kb(Proj − A) and Kb(Proj − B) can
restrict to an equivalence between Kb(PA) and K
b(PB).
In the above, Proj −A is the category of all projective A-modules and Proj −B is the category
of all projective B-modules, PA is the category of all finitely generated projective A-modules and
PB is the category of all finitely generated projective B-modules.
Proposition 3.4 ([7], Theorem 4.4). Let Ai and Bi be k-algebras (i = 0, 1, 2). Suppose that
(Ai, Bi) are pairs of derived equivalent algebras, where the derived equivalences are given by
Yi⊗
L
Ai
? : D(Ai) −→ D(Bi),
where
Yi = HomD(Ai)(Xi, Ai)
and
Xi ∈ D(Ai ⊗k B
op
i )
(i = 0, 1, 2) such that Yi ⊗
L
Ai
Xi = Bi in D(B
e
i ), Xi ⊗
L
Bi
Yi = Ai in D(A
e
i ).
Then we have derived equivalences
Yi⊗
L
Ai
?⊗LAj Xj : D(Ai ⊗k A
op
j ) −→ D(Bi ⊗B
op
j ),
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(i, j = 0, 1, 2), and two commutative diagrams of functors:
D−(A0 ⊗k A
op
1 )×D
−(A1 ⊗k A
op
2 )
(Y0⊗LA0
?⊗LA1
X1)×(Y1⊗LA1
?⊗LA2
X2)

?⊗LA1
?
// D−(A0 ⊗k A
op
2 )
Y0⊗
L
A0
?⊗LA2
X2

D−(B0 ⊗k B
op
1 )×D
−(B1 ⊗k B
op
2 )
?⊗LB1
?
// D−(B0 ⊗k B
op
2 )
and
Db(A2 ⊗k A
op
1 )
op ×Db(A2 ⊗k A
op
0 )
(Y2⊗LA2
?⊗LA1
X1)×(Y2⊗LA2
?⊗LA0
X0)

HomD(A2)(?,?) // D+(A1 ⊗k A
op
0 )
Y1⊗
L
A1
?⊗LA2
X2

Db(B2 ⊗k B
op
1 )
op ×Db(B2 ⊗k B
op
0 ) HomD(B2)(?,?)
// D+(B1 ⊗k B
op
0 ).
4 Proof of the main theorem
Let us first recall the definition of Calabi-Yau algebras.
Definition 4.1 (Ginzburg [2]). A k-algebra A is called d-Calabi-Yau if A, viewed as an Ae-
module, has a bounded resolution of finitely generated projective Ae-modules, and there is an
isomorphism HomD(Ae)(A,A
e) ∼= A[−d] in D(Ae).
In the above definition, we have used the Ae-module structure A⊗k A which is given by
(a1 ⊗k b1) ◦ (a2 ⊗k b2) = a1a2 ⊗k b2b1,
for any a1⊗kb1 ∈ A
e and a2⊗kb2 ∈ A⊗kA. A⊗A also has a right (A
e)op-module (or equivalently
left Ae-module) structure, which is given by
(a1 ⊗k b1) ∗ (a2 ⊗k b2) = a1b2 ⊗k a2b1,
for any a2⊗kb2 ∈ (A
e)op and a1⊗kb1 ∈ A⊗kA. The two structures are compatible so that A⊗kA
has an Ae ⊗k ((A
e)op)op-module structure, and the Ae-module structure on HomD(Ae)(A,A
e) is
induced by this second module structure on Ae.
Lemma 4.2. Suppose A and B are two derived equivalent k-algebras. If there is an isomorphism
HomD(Ae)(A,A
e) = A[−d]
in D(Ae), then we have
HomD(Be)(B,B
e) = B[−d]
in D(Be).
Proof. Since A is derived equivalent to B, from Proposition 3.2, there is a complex of A⊗kB
op-
modules Q, a complex of B ⊗k A
op-modules P such that P = HomD(A)(Q,A) in D(B ⊗k A
op),
Q⊗LB P = A in D(A
e), and P ⊗LA Q = B in D(B
e), such that the functor
P⊗LA?⊗
L
A Q : D(A
e) −→ D(Be)
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is derived equivalence functor, and the functor
P⊗LA?⊗
L
A Q : D((A
e)op) −→ D((Be)op)
is also derived equivalence functor.
Suppose we know that HomD(Ae)(A,A
e) = A[−d] in D(Ae). Using the derived equivalences
above and Proposition 3.4 by letting A2 = A
e, B2 = B
e, A1 = B1 = k, A0 = (A
e)op, B0 =
(Be)op, we have that:
HomD(Be)(P ⊗
L
A A⊗
L
A Q,P ⊗
L
A A⊗
L
A Q⊗k P ⊗
L
A A⊗
L
A Q) = P ⊗
L
A A[d] ⊗
L
A Q.
Note that Q⊗LB P = A in D(A
e) and P ⊗LA Q = B in D(B
e), and the above identity gives
HomD(Be)(B,B ⊗k B) = B[−d]
in D(Be).
Lemma 4.3. Suppose A and B are two derived equivalent k-algebras. If there is a bounded
resolution of finitely generated projective Ae-modules of A, then there is also bounded finitely
generated projective Be-modules resolution of B.
Proof. Suppose there is a non-trivial complex X ∈ Kb(PAe), which is quasi-isomorphic to A in
D(Ae). From Proposition 3.3, we have that the derived equivalence functor
P⊗LA?⊗
L
A Q : D(A
e) −→ D(Be)
can be restricted to be an equivalence functor
F˜ : Kb(PAe) −→ K
b(PBe).
Thus, F˜ (X) ∈ Kb(PBe) is quasi-isomorphic to F˜ (A) = P ⊗
L
A A⊗
L
A Q = B in D(B
e).
Proof of Theorem 1.1. Suppose A is a d-Calabi-Yau algebra. Then Lemmas 4.2-4.3 exactly say
that B satisfies the conditions in Definition 4.1 and is therefore a d-Calabi-Yau algebra. Thus,
we proved the theorem.
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